Abstract. We consider conformal deformations within a class of incomplete Riemannian metrics which generalize conic orbifold singularities by allowing both warping and any compact manifold (not just quotients of the sphere) to be the "link" of the singular set. Within this class of "conic metrics," we determine obstructions to the existence of conformal deformations to constant scalar curvature of any sign (positive, negative, or zero). For conic metrics with negative scalar curvature, we determine sufficient conditions for the existence of a conformal deformation to a conic metric with constant scalar curvature −1; moreover, we show that this metric is unique within its conformal class of conic metrics. Our work is in dimensions three and higher.
Introduction
Among all Riemannian metrics, mathematicians and physicists have particular interest in certain canonical metrics. A natural questions is, given a Riemannian metric on a smooth manifold, does there exist a conformal deformation to a metric with constant scalar curvature? This is known as the Yamabe problem and has been completely solved for closed manifolds through a series of papers starting with Yamabe's work [23] , followed by [22] and [4] , and completed by [21] ; an excellent survey is [15] . After the solution of the Yamabe problem on closed manifolds, it is natural to consider the problem for open manifolds. The first difficulty is to determine an appropriate formulation. When the open manifold is the complement of a submanifold Σ of a closed Riemannian manifold (M, g), the "singular Yamabe problem" is to find a complete metric conformal to g on M − Σ which has constant scalar curvature. This problem has been studied by several authors including [6] , [11] , [16] , and [18] . Solutions to semilinear elliptic equations (including the Yamabe equation) in this setting have been investigated in [8] , [9] , [10] , and [11] . In a similar vein, given a complete non-compact Riemannian manifold, [5] and [7] study conformal deformations to complete metrics with constant scalar curvature. We are interested in a related, but different, singular Yamabe problem where the initial metric is incomplete with a particular singular structure at the boundary, and this structure must be preserved by the conformal deformation. Our problem is: given an open manifold with conic metric, does there exist a conformal deformation to a conic metric with constant scalar curvature? Akutagawa-Botvinnik's work concerning the Yamabe problem on manifolds with cylindrical ends [2] and the Yamabe invariant of cylindrical manifolds and orbifolds [1] , [3] is closely related to this problem.
The metrics we consider are smooth Riemannian metrics on the interior of a manifold with boundary which have a particular degenerate structure at the boundary; the precise definitions are contained in the following section. For a smooth topological manifold X with boundary ∂X m and X ∪ ∂X compact, with respect to a boundary defining function x and local coordinates (x, y) in a collar neighborhood of ∂X, a conic metric g has the degenerate form
a ij dy i dy j = dx 2 + x 2 h(x, y; dy).
For the conic metrics we consider, h(0, y; dy) is a metric on ∂X and is independent of the choice of x. Our first result concerns the obstructions. Note that throughout this work, the dimension of the boundary is m, and the total dimension is m + 1.
Proposition 1. Let X be a smooth topological manifold with boundary ∂X = Y m , m ≥ 2, X ∪ ∂X compact, and conic metric g. If there exists a conic metric which is conformal to g and has constant scalar curvature, then g satisfies the following.
1. The scalar curvature of (∂X, h(0, y; dy)) is a positive constant.
In our main result, we construct conformal deformations to constant negative scalar curvature. Note that the hypothesis allows the scalar curvature to vanish at ∂X. Theorem 1. Let X be a smooth topological manifold with boundary ∂X = Y m , m ≥ 2, X ∪ ∂X compact, and conic metric g with negative scalar curvature on X. Assume the scalar curvature of (Y, h(0, y; dy)) ≡ m(m − 1), and h satisfies condition 2 of Proposition 1. Then, there exists a unique conic metricg which is conformal to g and has constant negative scalar curvature −1.
Necessary and sufficient conditions for the existence of a conformal deformation to constant scalar curvature are technical. A discussion of this is contained in the final section, §5, which also contains a brief discussion of the orbifold Yamabe invariant [3] . The remaining sections are organized as follows. §2 contains geometric definitions, curvature calculations, and preliminary geometric results. Analytic preliminaries, proof of the obstructions, and the geometric interpretations of the obstructions comprise §3. Our main theorem is then proven in §4.
Geometric preliminaries
The conic metrics we consider are defined in terms of Melrose's "b-metrics" [19] . Definition 2.1. Let X be a smooth topological manifold with boundary ∂X and smooth structure on X ∪ ∂X. A boundary defining function x : X → [0, ∞) is a smooth function on X up to ∂X such that x −1 ({0}) = ∂X and dx = 0 on ∂X.
Recall from [19] the space V b of b-vector fields over X defines a Lie algebra and is a finitely generated C ∞ (X)-module. In terms of the local coordinates (x, y) in a collar neighborhood of ∂X diffeomorphic to (0, x 0 ) x × ∂X y , the vector fields {x∂ x , ∂ y 1 , . . . , ∂ y m } are linearly independent elements of V b which locally span over C ∞ (X). There is a bundle A b-metric is a metric on the fibers of b T X; on the interior, a b-metric is a Riemannian metric, and at the boundary it has a certain structure. With respect to local coordinates at the boundary it can be written as
where the coefficients are smooth on X, and the form is positive definite
As observed in [19] , the element x∂ x ∈ T p X is well defined at p ∈ ∂X, so the condition a 00 | ∂X = constant is well defined. We shall always make this assumption; moreover, since one can rescale the metric to make this constant equal to one, we will assume in this work that a 00 | ∂X = 1. A particularly nice class of b-metrics are the exact b-metrics, which we recall from [19] . Definition 2.4. An exact b-metric on a compact manifold with boundary is a b-metric such that for some boundary defining function x,
An exact b-metric is simply a b-metric such that, for some choice of x, a 00 = 1 + O(x 2 ) and a 0j = O(x) in (2.2).
Definition 2.5. Let X be a smooth topological manifold with boundary ∂X = Y m and X ∪ ∂X compact. A conic metric, is a Riemannian metric g on the interior of X such that, with respect to a boundary defining function x and local coordinates (x, y) on a non-empty neighborhood
g is an exact b-metric with a 00 | ∂X ≡ 1.
Remark 1. As discussed in [19] , for a conic metric, there exists an x with
in a neighborhood of ∂X. Furthermore h(0, y; dy) is a Riemannian metric on ∂X and is well defined independent of the choice of x. For this reason, our work focuses on (exact) conic metrics, which we simply call conic metrics; they are also the incomplete analogues of the cylindrical metrics studied in [1] , [2] , [3] . If the metric h is independent of x in a neighborhood of ∂X, then g is a rigid conic metric.
Curvature calculations.
Recall the Christoffel symbols
where the metric g as a matrix has entries g ij , and its inverse g −1 has entries g ij . The Riemannian curvature tensor in coordinates is
and in particular
The scalar curvature is the full contraction of the Riemannian curvature tensor:
Straightforward calculations yield the following.
2.1.1. Singular terms in the scalar curvature of a conic metric. The singular terms in the scalar curvature of a conic metric are precisely,
where h 0 = h| x=0 . An immediate consequence of this calculation is the following result of boundedness.
Proposition 2. Let g be a conic metric on a smooth topological manifold with boundary X ∪ ∂X m . Then, S(g) is bounded in a neighborhood of ∂X if and only if S(∂X, h(0, y; dy)) ≡ m(m − 1), and h satisfies condition 2 of Proposition 1.
For a rigid conic metric, h is independent of x in a neighborhood of ∂X, so (2.8) becomes
An immediate consequence of this calculation is the following.
Proposition 3.
There is no Riemannian manifold with boundary with constant negative or positive scalar curvature and rigid conic metric.
Proof. Since the calculation (2.9) is valid on in a neighborhood of ∂X = {x = 0}, either the scalar curvature is identically zero on this neighborhood or the scalar curvature approaches ±∞, depending on the value of S(h(y)).
2.2. Scalar curvature for a general warped product metric. Let X ∪ ∂X m be a smooth topological manifold with boundary and Riemannian metric g on X. Let h be a Riemannian metric on ∂X. Assume there exists a boundary defining function x, a collar neighborhood of the boundary N (∂X) ∼ = (0, x 0 ) x × Y y , and a smooth positive function f = f (x) on X which depends only on x near ∂X such that
We compute that the scalar curvature of g on N (∂X) is (2.10)
This calculation is useful for constructing not only conic metrics (see §5), but also more general warped product metrics.
Analytic preliminaries
We recall some basic facts and definitions about Melrose's "b-operators" and "bcalculus" [19] , [20] , [12] .
A differential b-operator is a differential operator which may be expressed locally as finite sums of products of elements of V b , and we write
An element of Diff * b (X) is elliptic if it is expressed as an elliptic linear combination of the vector fields in (3.1). Alternatively, one can define a filtration of Diff * b (X) by subspaces of operators of order at most N , together with a principle symbol map acting on b T * X and a corresponding invariantly defined homogeneous polynomial of degree N , and then L is said to be elliptic if this symbol does not vanish off the zero section. The Laplace-Beltrami operator ∆ for a conic metric g is a weighted, or renormalized, elliptic differential b-operator:
Recall from [19] , the basic conormal space of functions,
The space of polyhomogeneous conormal functions A * phg (X) consists of all conormal functions admitting an asymptotic expansion of the following form
where the exponents {s j } ∈ C. These expansions generalize classical Taylor expansions to accommodate manifolds with boundary [12] . The weighted Hölder and Sobolev spaces have the most convenient mapping properties for the Laplace operator ∆ associated to conic metrics.
Above, Ω 1 2 is the standard half density bundle over X; in terms of the local coordinates (x, y) near ∂X a canonical nonvanishing half-density µ = √ dxdy.
Given any differential b-operator L as in (3.1), its indicial operator is defined to be
The indicial operator is conjugated to I iζ (L) by the Mellin transform which results in an indicial family of operators depending on the complex parameter ζ.
, is the set of values ζ ∈ C for which the operator I ζ (L) fails to be invertible on L 2 (Y ).
3.1. The Yamabe equation. The following abbreviated derivation of the Yamabe equation applies to a general Riemannian manifold (M, g) of dimension m + 1. We take the Laplacian to be the divergence of the gradient, so that on R m+1 with the
xi , and on a Riemannian manifold (M, g),
Ifg = e f g, then the scalar curvature ofg is related to that of g by
Writing insteadg = u c g and making the right choice of c eliminates the gradient term; the right choice proves to be c = 4/(m − 1). Reorganizing terms,
If S(g) is prescribed in advance, and if this equation has a positive solution u, theñ g = u 4/(m−1) g has scalar curvature equal to S(g). We wish to solve this equation for S(g) = −1, so we define , and S is the scalar curvature with respect to the metric g. Then, S(g) = −1 ⇐⇒ P u = 0.
Working within the conformal class of conic metrics places restrictions on the conformal deformation u.
Proposition 4. Let g be a conic metric on a smooth topological manifold with boundary X ∪ ∂X, with dimension of ∂X = m ≥ 2. Let u be a smooth positive function on X with u ∈ A * phg . Then, ug is a conic metric if and only if the expansion of u at ∂X satisfies
Proof. If u has an expansion (3.6), the metric ug is a conic metric by setting the new boundary defining function
and noting that
On
This implies u 0 is constant, which together with (3.7) completes the proof.
The obstructions.
The boundary determines the existence of conformal deformations to constant scalar curvature of any sign. Our obstructions are related to Convention 1 and Remark 3.1 of [3] for orbifolds with conic singularity.
Proof. By the preceding proposition, the only polyhomogeneous conformal deformations which preserve exact conic metrics are those which have an expansion near
If the original metric
then the metric ug = dt 2 + t 2h (t, y; dy), 
Sinceh 0 is just a scaling of h 0 , (3.9) is satisfied forh 0 if and only if it is satisfied for h 0 . ⊥ , where W and Z are vector fields tangent to Y and W , Z are their extensions to X is a symmetric tensor which depends only on the vectors at p and is independent of the choice of extensions. In a neighborhood of ∂X, ∂ x is a unit vector field normal to the submanifold Y at {x = constant}, and
The mean curvature of the submanifold Y is the trace of H (or a scalar multiple of the trace of H, depending on normalization). We compute that the trace of H is
By this calculation, the mean curvature of a rigid conic metric is
since h is independent of x. Then, the obstruction may be reformulated to: with respect to x, the mean curvature of the conic metric must be asymptotic to the mean curvature of a rigid conic metric. For example, if one considers an artificial conical singularity, such as the origin in R m+1 with polar coordinates (r, θ), then the link is the sphere which has constant scalar curvature m(m − 1), and the mean curvature with respect to r is −mr −1 .
Proof of Theorem 1
If the initial metric has negative scalar curvature, the existence of a conformal deformation to constant negative scalar curvature follows from arguments in [8] , [9] , [10] , [11] . However, these results do not specifically address our problem to produce a conic metric. We solve the Yamabe equation constructively, simultaneously demonstrating that a solution exists and results in a unique conic metric.
Uniqueness.
Proof. Let g be a conic metric on X satisfying the hypotheses of the theorem. For smooth positive polyhomogeneous conormal functions u, v, assumeg = ug and g * = vg are conic metrics with constant scalar curvature. Then, it follows from Proposition 2 that for the correspondingh, h * ,
By the calculation (3.10), if
The same argument applies to v. Scaling the metricsg and g * appropriately, we may assume u, v ∼ 1 + O(x 2 ) as x → 0. The maximum principle then implies u ≡ v, and the metricsg and g * are simply related by scaling. Since S(g) = S(g * ) = −1, the scaling factor must be 1 so in factg = g * .
Existence.
Proof. Recall that for a partial differential operator P , a supersolution and a subsolution are smooth functions ψ, φ, respectively, which satisfy
Together, these functions form a "barrier" within which one constructs a solution to the homogeneous equation P u = 0. We first construct smooth "barrier functions" ψ and φ such that 0 < φ ≤ ψ, P ψ ≤ 0 ≤ P φ.
We then use an inductive construction to produce a smooth function v which has a polyhomogeneous expansion at ∂X and satisfies
Barrier functions.
Our barrier functions are constant away from ∂X and depend only on x near ∂X. For a conic metric g with
its Laplace-Beltrami operator,
Decompose X into N 1 ∪ N 2 where
where b and c are positive constants chosen to satisfy a set of inequalities. By standard mollification arguments, there is a smooth function ψ which satisfies
for a fixed positive constant B independent of , c, and b. Let
{|S|, 1}.
Since b(c − ) ≤ v ≤ ψ, and we require 0 < ψ, we impose
Considering P ψ away from ∂X, we require
, so we require
Since v ≤ ψ and (4.7),
We first fix to satisfy (4.4) which also fixes s. We then fix c to satisfy (4.5), and since < m 8A , c can be chosen to also satisfy (4.8). Finally, we choose b > −1 and sufficiently large to satisfy (4.6) and (4.9).
4.3.2.
Subsolution. Using essentially the same idea, let
where b and c are positive constants chosen to satisfy a certain set of inequalities. By standard mollification arguments, there is a smooth function φ which satisfies
0 ≤ φ (x) ≤ c , and − Bc ≤ ψ ≤ 0, for a fixed positive constant B independent of , b and c. Let
which implies c(b + ) < 1. Considering φ away from ∂X, the first condition is We may assumeà priori ≤ B A so by (4.12) this becomes
We impose (4.14) b > 4B as .
To satisfy these conditions, we first fix ≤ B A satisfying (4.4). This fixes s, so we may then choose b to satisfy (4.14) and finally choose c to satisfy (4.11) and (4.13).
Construction of the solution. Let
where S(x) is the scalar curvature of (X, g). By construction, there exists a constant
Let L := −∆ + c. By assumption and Proposition 2, the scalar curvature of g is bounded as x → 0. Consequently,
phg , for all < 1/2, and for all l. Let L b be the second order elliptic differential b-operator satisfying
it is also discrete. Therefore, it is possible to choose < 1/2 such that 3/2 − = R(ζ) for any ζ ∈ spec b (L b ). By Theorem (3.8) in [17] , there exists a parametrix G and remainders R and R so that
Moreover, G, R, and R preserve A * phg and G : [17] and our choice of , L b : 
and U := u + c 1 satisfies LU = ϕ.
Apply the preceding construction to ϕ = F (x, φ), F (x, ψ), and choose the corresponding constants c 1 and c 1 to satisfy
Let the corresponding solutions be respectively φ 1 and
By the Sobolev embedding theorem applied to a compact exhaustion of X, it follows that φ 1 − c 1 and ψ 1 − c 1 ∈ C ∞ (X). Since φ, ψ ∈ A * phg and g is a conic metric, by the mapping properties of G and R, φ 1 , ψ 1 ∈ A * phg . Since φ 1 → c 1 at ∂X and lies in A * phg , there exists α > 0 such that
is discrete, taking ∈ (3/2 − α, 1/2) gives a contradiction. The same argument applies to ψ 1 so
By hypothesis,
Since φ 1 → c 1 > c 0 and φ → c 0 at ∂X, by the standard maximum principle argument,
Since φ ≤ ψ, by the increasing property of F and since
Analogous to our construction of φ 1 and ψ 1 , we may define inductively c 0 < c 1 < c 2 < . . . < c 2 < c 1 < c 0 and
Moreover, we are free to choose the constants such that c k 1, c k 1. By the maximum principle for L and the increasing property of F (x, t) with respect to t,
Repeating this argument inductively produces monotonically bounded sequences {φ k } and
. Therefore, we have pointwise convergence φ k → u, ψ k → u with 0 < φ ≤ u ≤ u ≤ ψ. By construction, φ k → c k at ∂X and ψ k → c k at ∂X and c k , c k → 1 at ∂X, so u, u → 1 at ∂X. By the compactness of the parametrix G, we may pass to a diagonal subsequence and assume that u and u ∈ H l b (X) for all l; the Sobolev embedding theorem applied to a compact exhaustion of X implies v ∈ C ∞ (X). Taking limits in (4.17),
This is equivalent to
By our preceding arguments using the mapping properties of L b , G, and
14, v admits a partial expansion, and in particular, our previous arguments show that
This argument can be repeated to produce a full polyhomogeneous expansion at ∂X. Note that we also have v 
If there exists a conformal deformation u such that
is a conic metric with constant scalar curvature, then by Proposition 4,
and
By the calculation (3.10),
Sinceg has constant scalar curvature, by Proposition 1
By the calculation of the Yamabe equation, the scalar curvature ofg is
Since a = 0, we compute the leading asymptotic of S as x → 0, for α = 0, . Proposition 5. Given an incomplete Riemannian manifold (X, g) with conic metric, the set of critical points of EH which are also conic metrics coincides with the set of Einstein conic metrics on X.
Analogous to the orbifold Yamabe constant of [3] , one may define the conic Yamabe constant.
Definition 5.2. Let (X, g) be an incomplete Riemannian manifold with conic metric. If there exists a conformal deformation u such thatg = ug andg is also a conic metric, then we writeg ∈ [g] c . We define where the supremum is taken over all conformal classes of conic metrics on X. In dimension 4, [3] prove results using the modified scalar curvature and techniques of Gursky-LeBrun [13] , [14] . We expect many results of [3] generalize to conic metrics; these generalizations and conformal deformations to constant positive and zero scalar curvature will be the subject of a future work.
